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Abstract

Some affirmative action policies establish that a set of disadvantaged competitors has
access to an extra prize. We analyse the effects of creating an extra prize by reducing the
prize in the main competition. Contestants differ in ability and agents with relatively
low ability belong to a disadvantaged minority. All contestants compete for the main
prize, but only disadvantaged agents can win the extra prize. We show that an extra
prize is a powerful tool to ensure participation of disadvantaged agents. Moreover,
for intermediate levels of the disadvantage of the minority, introducing an extra prize
increases total equilibrium effort compared to a standard contest. Thus, even a contest
designer not interested in affirmative action might establish an extra prize in order to
enhance competition.

Keywords: Asymmetric contest, equality of opportunity, affirmative action, discrimi-
nation, prize structure, exclusion principle
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1 Introduction

Some affirmative action policies establish that a set of disadvantaged competitors has ac-
cess to an extra prize. Examples include regional Governments offering their own funding

competitions for research projects, besides general funding opportunities from the central
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Government; international awards complemented by a prize for national competitors; the
World Chess Championship offering additional competitions for specific groups; or a prize
for the best academic paper by a young scientist. The purpose of the present paper is to
investigate the incentive effects of this affirmative action instrument. Our main result is to
show that this policy is not only appealing from a normative point of view but that it also
has the potential to enhance competition. It can thus be desirable on efficiency grounds,
fostering thereby the social acceptance of the policy.

We analyse the effects of extra prizes in a contest model. These models have been in-
sightful in a variety of competitive situations, including rent-seeking, promotional compe-
tition, labour market tournaments, sports competitions or conflict. Following Stein (2002)
or Franke et al. (2013), we investigate an asymmetric contest in which contestants differ in
ability. Agents with relatively low ability belong to a ‘disadvantaged minority’.!

A standard result in contest theory says that the most inefficient (or least able) agents
might not actively participate in the competition (Stein, 2002). And indeed, ‘minority rep-
resentation’ is an important concern in real competitions. For instance, in California the
Disabled Veteran Business Enterprise and Small Business Certification Programs establish
explicit target market shares for these disadvantaged groups. Similarly, the European Union
has target shares for female representation on firms’ boards and some universities in the U.K.
have widening participation programs aiming at broadening the range of students who at-
tend university so that they are representative of the home population. The challenge is
then to design affirmative action policies that can reconcile the conflicting aims of reaching
both (i) a sufficient level of minority representation and (ii) a sufficient level of competition.
Avoiding trade-offs between these objectives is important because it influences the political
support for and the prevalence of affirmative action policies. Ayres and Cramton (1996),
for example, report that various California ballot initiatives tried to end state-sponsored af-
firmative action because of the belief that eliminating affirmative action could help to solve
budget problems.

In our model the contest designer can create an extra prize at the cost of reducing the
prize in the main competition. All contestants compete for the main prize, but only disad-

vantaged agents can win the extra prize. This fits, for example, quotas for disadvantaged

For a survey of the contest literature see Corchén (2007) or Konrad (2009). See also Cornes and Hartley
(2005) and Ryvkin (2013) for general models of asymmetric contests. Throughout the paper we follow the
language of the affirmative action literature and use for example the term ‘disadvantaged minority’ for the

agents favoured through affirmative action.



minorities, like gender quotas, in which the establishment of the quota reduces the budget
available in the main competition. Disadvantaged agents thus should have an incentive to
exert higher effort but it is far from obvious that the overall level of competition will be
strengthened, as advantaged agents have lower incentives to invest.

We show that disadvantaged agents indeed do have an incentive to exert higher effort
and that we can think of the effects of extra prizes ‘as raising the effective ability of disad-
vantaged agents’ thereby creating a ‘level playing field’. In our model the introduction of
an extra prize results in more homogeneous ‘effective abilities’ of contestants. This leads
to our first major result that an extra prize is a powerful tool to ensure participation of dis-
advantaged agents. With an extra prize of moderate size both groups of agents are active;
using the language of the affirmative action literature, there is diversity. Moreover, as the
extra prize becomes larger, the incentives of advantaged agents to participate decline and
the least able active advantaged agents drop out, while for disadvantaged agents the op-
posite happens. For these agents the incentives to participate increase and the most able
inactive disadvantaged agents become active.

Our main result is to show that extra prizes have the potential to strengthen the overall
level of competition. The reason is that, as the disadvantaged minority competes stronger,
advantaged agents might exert more effort than they otherwise would, resulting in a higher
overall level of competition. More precisely, we show that for intermediate levels of the
disadvantage of the minority, introducing an extra prize increases total equilibrium effort
compared to a standard contest (for example in Stein, 2002). We also show by means of
an example that the magnitude of the increase of total effort due to the extra prize might
potentially be quite important. Thus, even a contest designer not interested in affirmative
action might establish an extra prize in order to enhance competition.

We are not aware of an empirical study that fits exactly our model. The predictions of
our model are, however, in line with empirical evidence. Brown (2011) shows that large
differences in ability might reduce effort. Balafoutas and Sutter (2012) provide experimen-
tal evidence that related (but different) affirmative action policies can have an important
impact on minority participation, while not harming the efficiency of the competition, as
predicted by our model.?

A distinctive feature of our model is that some agents might win more than one prize

2See also Schotter and Weigelt (1992), Corns and Schotter (1999), Franke (2012b) and Calsamiglia et al.

(2013) for further evidence of performance enhancing incentive effects of affirmative action.



with a sole effort choice. In some situations this is a reasonable description of reality. For
instance, in chess the World Championship does not exclude women, juniors or seniors, but
each of these groups have in addition their separate championship. In Spain some (but not
all) regional levels of Government (Comunidades Auténomas) provide research funding, in
addition to funding from the central Government. In 2011, the Catalan film ‘Black Bread’
won both the (Spanish) Goya Award and the (Catalan) Gaudi Award in the category of Best
Film.? In 2009, a local firm won both the main (international) prize and the prize for Catalan
competitors in the fireworks contest organized yearly by the City Council of Tarragona.* In
2013, a prominent firm organized a photo competition in Germany that awarded both a
main annual prize and a secondary monthly prize, based on a single submission. Currently,
entrepreneurs younger than 40 years have access to a special competition in order to obtain
funding for the establishment of companies, in addition to the main competition organized
by the Spanish Ministry of Industry.”

In other situations it might not be true exactly that a contestant can be allocated two
prizes. But it might be the case that at the time effort is chosen, the contestant might
not know whether he will compete for the main or the extra prize. Consider a quota sys-
tem. At the time of investment (for example in education) minority members might still
have the option of participating as a minority member, in addition to participating in the
main competition. Consider widening participation programs of universities. Universities
prioritize applicants based on exam grades but might accept grades obtained in a less ad-
vantaged family environment, so that some applications compete in the main competition
and in a widening participation program.® Consider scholarships for students from under-

represented groups that aim at enhancing the diversity of the university community. These

3See http://www.premiosgoya.com/ and http://academiadelcinema.cat/en/

gaudi-awards, accessed on 10/06/2016.
‘See http://www.tarragona.cat/cultura/festes-i-cultura-popular/

concurs-internacional-de-focs-artificials-ciutat-de-tarragona, accessed on
10/06/2016. In the current edition of the competition the extra prize is open to competitors from the

Iberian peninsula.
>See www.enisa.es/es/financiacion/info/lineas-enisa/jovenes-emprendedores, ac-

cessed on 10/06/2016.
®See www.nottingham.ac.uk/ugstudy/applying/ourpolicies.aspx, accessed on 10/06/2016.

Although the U.S. Supreme Court recently banned affirmative action in admissions to the state’s public univer-
sities, it is still possible that applications from athletes, children of alumni and students from under-represented
parts of the state are given special weight, see Liptak (2014). There is also a recent controversy about the use

of holistic admissions criteria and race in admissions at UCLA, see Groseklose (2014) and Kiewiet (2015).
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scholarships are open to students from minority groups and coexist with scholarships based
on merit.” Consider the Spanish research programme ‘Proyectos Europa Excelencia’. In
order to compete in this programme a proposal must have competed unsuccessfully for a
‘Starting Grant’ of the European Research Council.® Consider the European Commission’s
recruitment procedure. Although the procedure is based on merit criteria, measures can be
adopted in case of significant imbalance in the staff’s nationalities under the principle of
equality of EU citizens.’

Our paper relates to work analysing the incentive effects of affirmative action policies in
competitive situations. A growing literature has determined policies that have the potential
to create a ‘level playing field’ and thereby to lead to more intense competition, including
subsidies to high-cost suppliers (Ewerhart and Fieseler, 2003; Rothkopf et al., 2003), bid
preferences and other biases in the selection of the winner (Lazear and Rosen, 1981; Baik,
1994; Ayres and Cramton, 1996; Fryer and Loury, 2005; Fu, 2006; Fain, 2009; Franke,
2012a; Pastine and Pastine, 2012; Franke et al., 2013; Ridlon and Shin, 2013; Lee, 2013),
share auctions (Alcalde and Dahm, 2013), and head starts, handicaps or even exclusion of
the most efficient participant (Baye et al., 1993; Che and Gale, 2003; Kirkegaard, 2012;
Siegel, 2014).'° To the best of our knowledge the affirmative action policy considered here

has not been analysed before.!!

’Seehttp://exchange.nottingham.ac.uk/blog/new-nottingham-masters-scholarship-scheme/,

accessed on 10/06/2016.
8There are also situations which might be interpreted as being the opposite to affirmative action, because

the most efficient agents have access to extra prizes. Consider (European) football teams and their investment
in players. All teams compete in the national leagues. In addition, however, the best teams compete in
European competitions, like the Champions League. Or consider elite colleges that have a bias in favour of

applicants who are children of alumni.
?See European Commission (2014), page 16.
ODe Fraja (2005) also provides an efficiency argument for affirmative action. His argument, however,

is not based on levelling the playing field but builds on asymmetric information of the individual’s potential
to benefit from education. We comment further on the relationship to Baye et al. (1993) in the concluding
section. The creation of a ‘level playing field’ does not always result in the most intense competition (see
Pérez-Castrillo and Wettstein, 2016) and can have the unintended consequence of increasing sabotage (see

Brown and Chowdhury, 2012).
1'We are not claiming that a contest organizer who is completely free to design the contest prefers to create

an extra prize to other ‘level playing field’ policies, like say, optimal bias in the contest success function.
Rather we hope that our contest captures some aspects of real life contests and claim that it creates different
incentives than other contests. For instance, a prominent model biases the contest success function towards

some participant, see Franke et al. (2013) for a general model, Franke (2012a) for an affirmative action



Our paper also contributes to the literature on the optimal prize structure in contests
(e.g. Myerson, 1981; Glazer and Hassin, 1988; Clark and Riis, 1998b; Moldovanu and Sela,
2001; Moldovanu and Sela, 2006; Azmat and Moller, 2009; Fu and Lu, 2009; Moéller, 2012).
Our model, however, differs from this literature in two respects. First, the introduction of an
extra prize establishes a novel prize structure that has not been analysed before, and second,
we allow for some contestants to win more than one prize with a sole effort choice.!?

The extra prize explored in the present paper differs from a second prize not only because
disadvantaged agents can win more than one prize but also because advantaged agents do
not compete for it. Szymanski and Valletti (2005) investigate a three person contest with
second prize in which one contestant is strong and the other two are equally weak. They
show that with a second prize total effort might increase, provided the disadvantage of
the weak agents is large enough. Our Proposition 7 includes the three agent case with
one advantaged and two equally disadvantaged contestants and reduces in this case to the
requirement that the disadvantage of the weak agents should be large enough. Since in
this example the incentives under both prize structures are similar, our results invite the
conjecture that in more general settings with a second prize total effort might increase,
provided the disadvantage of the weak agents is intermediate—but this is to the best of our
knowledge still an open question.

The paper is organized as follows. The next section collects our assumptions and intro-
duces the notation used. We conduct our strategic analysis in Section 3. The last section

contains concluding remarks. All proofs are relegated to an Appendix.

context and Farmer and Pecorino (1999), Clark and Riis (2000), Dahm and Porteiro (2008) or Esteve-
Gonzalez (2014) for other environments. This is different from creating an extra prize, because Franke et al.
(2013) have shown that with the optimal bias there are at least three active players, whereas our Example 2

below shows that the optimal contest with extra prize might have only two active agents.
12There are a few models in which a contestant can win multiple prizes. But this requires allocating resources

to different contests, as in Gradstein and Nitzan (1989), or choosing effort twice, as in Sela (2012).



2 The model

A set of risk-neutral contestants N = {1,2,...,n} competes for a budget B.!> An agent i’s
share of the budget depends on his effort exerted, which is denoted by e;. Expenditures are
not recovered. Players have different abilities a; > 0 that are reflected in heterogeneous
effort costs c;(e;) = e;/a;. Without loss of generality assume that lower indexed agents have
higher ability, so that a; > a;,; foralli € {1,2,...,n—1}.

There is an observable characteristic that distinguishes agents in such a way that they
can be partitioned into two groups, N = M U D. We interpret D as the disadvantaged
group that is the objective of affirmative action. In order to simplify notation we assume
that agents in M = {1,2,...,m} have higher ability than agents in D = {m + 1,...,n}. Since
our equilibrium analysis, however, only requires that the agent with the highest ability is
not disadvantaged, this assumption could be substantially relaxed, for instance to a setting
in which the average ability of advantaged agents is higher than that of disadvantaged
contestants.'* To distinguish our setting from a standard contest we suppose 1 < m < n—2.

The contest designer aims to maximize total effort by choosing 8 € [0, 1]. The parameter
p divides the budget into two prizes: B; = (1 — f)B and B, = 3B. Members of group M
only compete for prize B,, while members of group D compete for both prizes. In this sense
prize B, is an extra prize for group D. Notice that although an agent in D exerts effort only
once, he might win both prizes. Note also that when 8 = 0 or f = 1 we have a standard
contest without extra prize.'” In order to focus on the effects of an extra prize we follow
most of the literature and consider for each prize an imperfectly discriminating contest in

which an agent i’s share of the budget is proportional to his effort expended, see Tullock

13In the literature, the outcome of contests has been interpreted to capture either win probabilities or shares
of a prize, see Corchén and Dahm (2010). Since we assume that agents are risk neutral, we do not distinguish
between both interpretations. Our model thus allows for contestants winning prizes with some probability, as
in the case of the aforementioned film awards, or for agents winning shares of a overall budget, as in the case

of quotas.
14While it seems feasible to analyse our model under the assumption that agents with high ability qualify for

an extra prize, such a setting does not seem interesting from an affirmative action point of view. See Holzer
and Neumark (2000), Fang and Moro (2010) and Niederle and Vesterlund (2011) for an assessment of the

disadvantage of minority agents in different contexts.
15With the term standard contest we refer to a situation in which (given the value of 8 or the behaviour of

other agents) the objective function of active agents reduces to the one in Stein (2002). For simplicity of the
exposition we exclude the case 8 = 1 from most of our derivations. Sometimes, however, it is convenient to

include this case. The statements referring to 8 = 1 follow from Stein (2002).



(1980)."

We introduce the following notation. A vector of individual efforts is denoted by e =
(e1,e,...,€,) and total effort of a group G of agents is E; = ., . €. Similarly, the vector
of abilities is denoted by a = (a;, a,,...,a,). Given a group of agents G with cardinality

|G|, the harmonic mean of abilities is given by

. __lgl
G — Z i *
keG (07X
For later reference notice that the harmonic mean of abilities of the contestants in G mea-
sures simply the reciprocal of their average of marginal effort costs.
In the contest with extra prize the expected payoff of player i is

eB, | eByz e

EU.(e) =
i(e) E, B, a

, (1)

where z; € {0, 1} takes value 1 if and only if i € D, and value 0 otherwise. Notice that in
this formulation the win probabilities of the two prizes are independent. It is interesting to
observe that our model also captures a situation in which a disadvantaged agent who wins
the main prize also wins the extra prize. In such a situation the expected payoff of player i
is

eBy  eB | BB &

b

EU:(e) =
l N Ey Ey Ep Qa;

which is equivalent to (1).

3 Strategic analysis

Our first result establishes that contests with extra prizes are a powerful tool to make sure

that there will be minority representation, since the extra prize will not be uncontested.

Lemma 1. For any (a, B) at least two contestants participate in the contest. Moreover, if 5 > 0,

at least one agent i € D is active.

6We discuss a generalisation of this function in the Conclusions. We also follow most of the literature and
assume that when in the competition for a prize none of k agent exerts effort, each agent wins the prize
with probability 1/k. Skaperdas (1996) and Clark and Riis (1998a) provide axiomatic characterizations
of the contest success function employed, while Corchén and Dahm (2010) give a micro-foundation for the

interpretation that the outcome is the choice of a designer.



One might think that with an extra prize there are always two disadvantaged contestants
active. While this is intuitive, because otherwise there is no competition for the extra prize,
it turns out not always to be true. Example 5 in Subsection 3.6 presents a counterexample
in which the weaker of two disadvantaged contestants is not active for small extra prizes.

For later reference we observe that Lemma 1 implies that E;, > 0, if # > 0. In order to
analyse participation in the contest further, we take the derivative of (1) and obtain

QRIS >

i

Given that (1) is concave in e;, the first-order conditions require that dE;(e)/de; = 0ife; > 0
and JE;(e)/de; < 0 if e; = 0. The former implies that

E('IEIN)EIBI - E('[;“D)zl BzZi N all (3)

Consider the agents in set M. For these agents condition (3) reduces to the familiar
expression

ei:EN(l_B]iZi)’ 4)

see Stein (2002). This implies that the higher the ability of an advantaged agent, the higher
his equilibrium effort. If the ability of an agent is low enough, he does not participate. We
denote by m* € M the agent with e,,. > 0 such that for all i < m*, e; > 0 and for alli € M
with i > m*, e; = 0. We denote by M,. € M or M* C M the set of active advantaged agents,
depending on whether we wish to stress the identity of the active agents. If no advantaged
agent is active, we set M* =) and m* = 0.

Consider the agents in set D. Here condition (3) becomes

E
e; = EyEj . (5)
By (Ep)? + By(Ey )?

Again, equilibrium effort is ordered by ability. We define D;.,D* C D, and d* analogously
to M., M* and m*.'” If no disadvantaged agent is active, we set D* = and d* = 0.

The aim of our strategic analysis is to show that contests with extra prize admit a unique
equilibrium (a formal statement will be provided in Proposition 4 in Subsection 3.3), and

to investigate the effects of an extra prize on participation (in Subsection 3.3) as well as on

7Notice that d* does not indicate the cardinality of the set of active agents but the index of the most
disadvantaged active agent: |D*| = d* —m. Note also that if § = 0 or no advantaged agent is active, (5)

reduces to (4), as the contest with extra prize becomes a standard contest.
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total effort (in Subsections 3.4, 3.5 and 3.6). Doing so, however, requires looking first at the
two different types of equilibria that might arise. In the first type of equilibrium, only one
group is active, and behaviour is similar to that in a standard contest. In the second, there
is diversity and complex effects emerge. We start by analysing each type of equilibrium

successively in Subsections 3.1 and 3.2.

3.1 Standard equilibria

There are two situations in which equilibria that appear in a contest with extra prize are
similar to those in a standard contest. The first is the trivial case when 8 = 0; when there
is no extra prize. In the second, members of the advantaged group are discouraged from
participating because the extra prize is sufficiently large. With a large extra prize the prize
in the main competition is very small and thus it might happen that no advantaged agent is
active. In both cases our model reduces to a variation of a standard contest that has been
analysed by Hillman and Riley (1989) or Stein (2002). For our purpose it is sufficient to

summarize the equilibrium as follows.'®

Lemma 2. [Hillman and Riley, 1989; Stein, 2002 ] In a standard contest in which a group of
agents P = {1,2,...,p} competes for a prize B, the number of active players |P*| is larger than

two and total equilibrium effort is given by
= ————BT}.. (6)

Total effort is increasing in the number of active participants and the value of the prize,
and is decreasing in the average of marginal effort costs of active contestants.

In order to describe when standard equilibria appear, it is useful to start with a definition.
To do so denote the set of active disadvantaged agents when no advantaged agent exerts
effort by Dy,._,.
Definition 1. Let

le_lD**:Q)l_lFD;\}

*=(

IDi._gl Ty

Notice that Iy, = a; > 0 and |D},._4| > 2, implying that B is well defined. The following

result establishes that in any contest, in addition to the trivial case when 8 = O, there are

situations in which standard equilibria emerge.

18For the exact expressions of the equilibrium number of active players, individual efforts, win probabilities

and expected utilities, see Stein (2002). Nti (1999) and Matros (2006) show uniqueness of equilibrium.
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Proposition 1. For any (a,B) we have that B < 1. Moreover, for any € [f,1], it is an
equilibrium that the set of active agents is Dy,._, and that these agents’ equilibrium effort is as

in a standard contest for a prize of size B.

Intuitively, in the equilibria described in Proposition 1 the extra prize is too large. The
extra prize reaches the aim of inducing participation of the disadvantaged group but it does
so by discouraging participation of members of the advantaged group completely. We turn
now to more moderate extra prizes which generate equilibria in which members of both

groups are active.

3.2 Equilibria with diversity

We start by defining a measure of minority representation, as the percentage of total effort
that is expended by disadvantaged agents
E
Q= =2,
EN
We say that there is diversity if Q ¢ {0,1}. The following result establishes that an extra

prize of intermediate size guarantees diversity.

Proposition 2. For any (a, B) we have that 0 < f8. Moreover, for any f € (0, ), in equilib-

rium, there is diversity.

For later reference, we observe that Proposition 2 implies that Ey, > E, > 0. In order
to describe total equilibrium effort in an equilibrium with diversity, denote the set of active

agents in the contest by N* = M* U D* and its cardinality by |N*| = |M*| + |D*|.
Proposition 3. Let 8 € (0, ). For any (a, B), total equilibrium effort is given by
Ex=T+VY2-9, (7)

where

B, (IM"|—-1 IN*[—1
T = - —FM*+—FN* and
2\ M IN*|
= ——((IN*|-1)(|IM*|—1)B;—(|D*| —1)B,).
e (1= DAM | = DB, — (1" = 1B,)
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Notice that (7) includes as a special case situations in which only one disadvantaged
agent is active. In such a case increasing the extra prize establishes a transfer to the active
disadvantaged agent and reduces the main prize in some proportion. Total effort, therefore,
is like in a standard contest in which the main prize is reduced in some proportion to B,
and declines with the average of marginal effort costs of active contestants.'® In general,
however, disadvantaged agents compete for two prizes, while advantaged contestants only
compete for one prize. Hence it is not surprising that in (7) total effort depends on Ty,.
and Ty., so that the averages of marginal effort costs of advantaged and disadvantaged
contestants matter in different ways.

We complete now the description of the candidate equilibrium for € (0, 8). We will
later confirm that this is indeed an equilibrium. A formal statement of existence and unique-
ness of equilibrium will be provided in Proposition 4. Summing up (4) over all active ad-
vantaged agents and rearranging, we determine
T+V/T2—%

B,T,.

Ey = (T+vT12-8)(1-9) and
E, = (T+vVT2-8)q

The expressions for individual efforts of the active agents are obtained as follows.2° First

Q = |M —(IM*|—-1)€(0,1),

introducing (7) in (4) yields for i € M* that

T+vVT2—&
e;=(T+ \/TZ—cp)(l——). (8)
a;B,
For i € D* we use (7) and (17), which we derive in Appendix A.4, in (5), obtaining
JT=%
=(T+vVT2-%)|Q — : 9
‘i ( ) B,Q2+B, ©)

Since agents of the advantaged group only compete for one prize, only the win proba-

bility for prize B, is of interest. This is immediately determined. For i € M* we have

T+VY2—&
pi=l—-—r70r—.
a;B,

1See Claim 1 in Appendix A.5.
20When there is no extra prize ( = 0) or when |D*| = 1, then expressions (8) and (9) below coincide and

reduce to the description in Stein (2002). The first observation follows from the fact that for § = 0 we have
that B, = 0. For the second observation, notice that when |D*| = 1 by Claim 1 in Appendix A.5 we have that
Ey = |[M*|Ty.B;/|IN*|. This implies that Q =1 — (T + /T2 — <I>) /(B1Tp.) and (9) reduces to (8).
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Members of the disadvantaged group, however, have the chance to obtain two prizes, and

thus two win probabilities. The win probability of agent i € D* for prize B; is

B,a(1-11=2) 4 b,

B,Q2 +B, ’

pi=%

while the win probability of agent i € D* for prize B, is

B,a(1-11=2) 4+ B,

B,Q2+B,

qi =

Lastly, we state the expected equilibrium utilities of the active agents. For i € M* we

have )
T++/T2—@
EUi :Bl(l_—) 5
a;B,

and for i € D* one obtains

i (B, (1- ) 4, ]

' B,Q2+B,

3.3 The effects of the extra prize on participation

We are now in a position to investigate the effects of the extra prize on participation. Re-
member that with the help of condition (4) we have already established thate; > 0 fori € M

requires sufficient ability

T+VT2—-9
a > —, (10)
B,
and thus e; > 0 for i € M implies e; > 0 for j < i. Moreover, for disadvantaged agents a

similar property holds; e; > 0 for i € D requires

- T+VT2—& B;Q
' B, B.Q+B,

(1D

Again e; > 0 for i € D implies ¢; > 0 for m < j < i. Hence it suffices to characterize
candidate sets of active agents by the highest index of the agents in the sets: M,,. € M and
D;. € D. The overall set of active agents can then be characterized with the help of these

two indexes: N = M,,. UDg..>!

21 : * _ : 0
If one of these sets is empty, say M* =}, we write N..
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Example 1. Consider M = {1,2} and D = {3, 4}. Since at least two contestants are active and
participation is monotonic in the sense explained in the previous paragraph, the candidate sets
of active agents are N; = {1,2}, N, = {1,3}, N = {3,4}, N2 ={1,2,3}, N, = {1,3,4)}, and
N42 ={1,2,3,4}. When 8 = 0, it cannot be that agent 3 is active when agent 2 is not. Hence

we exclude Nj, N, and N,. When 8 > 0, Lemma 1 implies that Nj is not relevant.

Lastly, we divide (11) by B;Q2/(B;Q2+ B,) and define for the disadvantaged agents i € D

the effective ability &; as follows

o B,
al' = ai 1 + - Z ai'
B,Q
So we can think of the participation decision of an agent as determined by comparing the
contestant’s ability to the right hand side of (10). For disadvantaged agents, however, the

extra prize raises ability from a; to @;, contributing thereby to a more level playing field.

We summarize the preceding formally as

Corollary 1. For any (a,B), the set of active contestants N;j* is found as the largest index
m*={0,1,2,...,m} such that, given d*, the ability of active advantaged agents is high enough,
that is

S T+VYT2—-@

. , 12
m B, (12)

a

and the largest index d* = {O,m+ 1,m + 2,...,n} such that, given m*, the effective ability of

active disadvantaged agents is high enough, that is

. T+ vV/T2—d

1

Corollary 1 complements Lemma 1 and Proposition 2. It shows from a different angle
that the extra prize might have a strong effect on participation. When 3 = 0 and there is no
extra prize, effective ability @; is equal to a;. Disadvantaged agents have the lowest incen-
tives among all contestants to participate, as their ability to compete is lowest. Introducing
the extra prize, however, affects the participation conditions of both types of agents.

To see this it is instructive to consider the derivative of the right hand side of both par-
ticipation conditions (12) and (13) with respect to . Since d (Ey/B;)/df = 0, the ex-

tra prize discourages participation of advantaged agents. For disadvantaged agents, how-
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ever, there is a countervailing effect, because their effective ability &, is also raised, as
0 (B,/B;Q)/3p > 0.%

These two countervailing effects imply that extra prizes have the potential to induce
participation of disadvantaged agents who are not active without such a prize and to dis-
courage participation of advantaged agents who are active without such a prize. We will
observe these forces in later sections in more specific settings.

We are now in a position to state formally existence and uniqueness of equilibrium. For
f3 ¢ (0, B) the result follows from Stein (2002) or Fang (2002). For 8 € (0, ) we provide in
Appendix A.6 a proof proceeding in two steps. First, we confirm that the candidate strategies
in (8) and (9) are indeed an equilibrium. Second, we prove uniqueness of the equilibrium

in pure strategies by showing that the set of active contestants Ngf is unique.

Proposition 4. For any (a, B), there is a unique equilibrium in which the set of active contes-

tants Ngf employ the pure strategies described in (8) and (9), while the other agents exert no

effort.

3.4 The effects of the extra prize on total effort

We establish first the existence of an optimal size for the extra prize.
Proposition 5. For any (a, B), there is * € [0, 8) such that Ey(f) attains a maximum at f3*.

The previous proposition establishes that a maximum is well defined. The fact that * <
B) follows from Fang’s well known result that it is never optimal to exclude all advantaged
agents (Fang, 2002). Without further assumptions determining the optimal size of the extra
prize is complex, because (as we will see for example in Example 5) total effort is not
differentiable with respect to 3 when f3 reaches values for which the set of active contestants
changes. In light of this problem, we derive now a sufficient condition for * > 0 that is
based on small extra prizes for which we know that the set of active contestants does not
vary.

22For completeness we mention that 8 (Ey/B;) /28 > 0 requires |D*| > 1, see Appendix A.5. When only

one disadvantaged agent is active, increasing the extra prize does not affect participation of active agents. The
reason is that increasing the extra prize establishes a transfer to the active disadvantaged agent and reduces the
main prize in some proportion. This does not affect participation of active agents, because in a Tullock contest
participation is not affected when valuations are multiplied by a constant. Note also that when Ey/B; = a;
and the most efficient agent ceases to be active, condition (11) becomes condition (10), where B; is replaced
by B.
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Given the participation condition (4), we can always find 8 = e with e > 0 but suffi-
ciently close to zero such that the set of active agents will consist of the same set of agents
as for B = 0, except when there was no minority representation (Proposition 2). In the lat-
ter case, at least the most efficient disadvantaged agent also becomes active. Formally, we
define the following sets of agents. Let M ;:0 € M and D;;:O C D be the sets of advantaged
and disadvantaged agents that are active for 3 = 0, respectively. Let

D* 1={i€D:ai=am+1}

At

be the most able of the disadvantaged agents. Notice that this set has at least cardinality
one. The cardinality is higher when there is more than one agent with the highest ability.

In the following Proposition, M, D*, and N refer to M ;;:0, D;ZO u D o and M} U D?,

respectively. Lastly, we define the following numbers

INZ|—2 N7
Tl = d¢
IN[—1

M| —1
CNF =2

x| o
M|

y =
Notice that when |D?| > 1, y < 6.

Proposition 6. Let |D?| > 1, that is, assume that for very small but strictly positive extra prizes

at least two disadvantaged agents are active. Then for any (a, B),

Ty
B*>0 if y2§<r—e<62§. (14

M*

€

Notice that the previous Proposition allows for situations in which without extra prize
there is no minority representation and disadvantaged agents only become active with a
small extra prize. Also, the requirement that |[D?| > 1 is a weaker condition than asking to
have more than one agent with exactly ability a,,,,. It rules out situations in which only
one disadvantaged agent is active. This is intuitive, because when |D?| = 1, increasing the
extra prize establishes a transfer to the active disadvantaged agent and reduces the main
prize in some proportion. Thus the contested rent is reduced and total effort declines.?

Proposition 6 provides a condition assuring that a revenue maximizing contest organizer
finds it in his interest to establish an extra prize. Why does an extra prize have the potential

to increase total effort? The reason is that an extra prize increases the effective ability @,

23Example 5 below provides an Example for a situation with |D¥| = 1. In such a case, we have that y§ = {
and (14) cannot hold. In Claim 1 in Appendix A.5 we show that when |D?| = 1 total effort is given by
Ey =(IN}|-1)B(1— ﬂ)FNE*/lel, as prescribed by (6).

16



of disadvantaged agents (as formalized in Condition (13) of Corollary 1). This balances
the competition and results in higher total effort, provided condition (14) is fulfilled. This
condition requires that the ratio between the average of marginal effort costs of advantaged
agents and the average of marginal effort costs of all contestants—which under our assump-
tions is a number smaller than one—must lie in some interval. This interval is non-empty
when |D| > 1, since then y < 6 holds. Moreover, it is straightforward to see that both
bounds are smaller than one. Thus, for condition (14) to hold, the minority must be disad-
vantaged but not too much. The disadvantage of the minority must be of an intermediate
level.

Notice that condition (14) also depends on the level of competition for very small but
strictly positive extra prizes. In particular, y increases with |[M?|, while 6 and ¢ depend on
IN*|. Hence, condition (14) is the more likely to be fulfilled, the lower the participation
of advantaged agents. In the extreme, when |[M}| = 1, the lower bound vanishes. On the
other hand, when there is a high number of active disadvantaged agents, then |N?| is high
and then the upper bound tends to one. Therefore, we can say that when there is only one
advantaged agent and many disadvantaged agents of similar ability, then the introduction
of an extra prize is beneficial, unless there is not much difference between advantaged and

disadvantaged agents. We will gain further intuition into condition (14) in what follows.

3.5 Homogeneity within groups

We consider now the case in which all agents in a given group have the same ability.>* Such
a situation represents the benchmark of minimal heterogeneity in our model. We will see
that condition (14) is also a necessary condition under this assumption.

Suppose that a; =a for alli € M and a; = a for all i € D. We denote a/a =a € (0,1].

Because of the symmetry within groups, conditions (4) and (5) imply that either all
group members are active, or none is. So for 3 = 0 the set of active agents is either M or
N. For 8 € (0, B), the set of active agents is N, while for larger values for 8 only group D is
active. Moreover, E simplifies to 1 —(n—m —1)a/(n—m).

Consider now Proposition 6. Notice that if D is active, then by assumption at least two

disadvantaged agents are expending effort; thus |D?| > 1 is always fulfilled. Straightforward

24Lee (2013) makes a similar assumption. Szymanski and Valletti (2005) restrict in addition to three con-

testants.
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algebra yields

Ty: _ a
T C1-2(1-a)

The right hand side of this expression is strictly increasing in a. Moreover, it tends to zero
when a goes to zero, and goes to one when a approaches one. Thus condition (14) is

fulfilled for intermediate values of a. The next result states the precise condition.

Proposition 7. For any (a,B), 3* > 0 if and only if
(m—1)*(n—m) (n—m)(n—2)
<a< .
m(m(n—m)—1) 1+(n—m)(n—2)
Moreover, for any n and m, there exists a such that * > 0.

(15)

The assumption of homogeneity within groups allows to strengthen Proposition 6 con-
siderably. On one hand, condition (14) becomes also a necessary condition. On the other,
for any configuration of groups there exist intermediate levels of disadvantage such that a
revenue maximizing contest organizer finds it in his interest to establish an extra prize.

Notice that in the special case of m = 1 the left hand side of condition (15) is zero. This
parallels a result in Szymanski and Valletti (2005) in their analysis of a three player contest
with second prize.?> We provide now an example with m = 2 that provides further intuition

into condition (15). We also set B =1 and normalize a = 1, so that a = a.

Example 2. Let M = {1,2} and D = {3,4}. Consider a standard contest with f = 0. If
all agents are active, total effort is given by Ey = 3a/(2 + 2a). If only advantaged agents
are active, total effort is given by E,; = 1/2. In both cases it follows from condition (4) that
disadvantaged agents are active if a > 1/2, and total effort is continuous in a. Introducing a
sufficiently small extra prize, 3 < B = 1— a/2, assures that all agents are active. Condition
(15) becomes 1/3 < a < 4/5. Once the extra prize becomes sufficiently large, p > B, only
disadvantaged agents are active and total effort is given by E;, = a/2.

We display in Figure 1 several cases. The highest curve assumes a = 0.9, while the lowest
supposes a = 0.2. For both values of a condition (15) does not hold. The curve in the middle
displays a = 0.55, for which the condition holds. In the case of a = 0.2 minority participation

has increased.?®

25 The working paper version contains an example with M = {1} and D = {2, 3} in which the optimal extra

prize increases total effort by 46% compared to the standard contest, see Dahm and Esteve-Gonzalez (2013).
26Unlike the biased contest model in Franke et al. (2013) the optimal contest in case of a = 0.2 has only

two active agents. This shows that creating an extra prize is conceptually different from biasing the contest

success function.
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Figure 1: Total effort in Example 2.

Although a complete analysis of the dependence of the optimal extra prize on the num-
ber of agents and the distribution of abilities is outside the scope of the present paper, we
provide now some intuitions for the case in which groups are homogeneous. In the following

example we maintain that B=1,a=1and a = a.

Example 3. Let n = 10. Figure 2 displays on the horizontal axis the number of advantaged
agents m. The vertical axis indicates the optimal size B* of the extra prize. The figure shows five
levels of ability of the disadvantaged agents; o € {0.4°,0.6™,0.8%,0.94,0.95"}. Each function
in Figure 2 maintains a level of ability and varies the number of advantaged agents.?’

The example indicates the following pattern.?® First, as indicated by condition (15), for a
given number of advantaged agents the optimal size * of the extra prize is zero for very high
or very low ability levels. In addition, we see that for intermediate levels the optimal size 3* is
a ‘concave function’ of the ability level. Second, for a given level of ability the optimal size [3*

of the extra prize declines with the number of advantaged agents.

27For visual clarity we connect the points corresponding to a given ability level, even though the number of
advantaged agents is a natural number. For the same reason we include the case m =9, even though then an
extra prize is never profitable, as there is only one disadvantaged agent. Detailed calculations are available
upon request. We omit the case of a = 0.2 for which the optimal size of the extra prize is zero, provided the

number of advantaged agents is larger than two.
28This pattern is consistent with further examples in which n € {4, 8,12, 16, 20}. Details are available upon

request.
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Figure 2: The optimal size of the extra prize in Example 3.

The length of the interval of ability levels defined by condition (15) decreases with the
number of advantaged agents, while the lower bound increases until roughly 0.89. Figure 2
complements these features by showing how the optimal extra prize depends on the degree of
homogeneity between groups. When the ability levels of the two groups are very homogeneous,
establishing an optimal extra prize is almost always profitable. Consider a € {0.9,0.95}. Then
the optimal size of the extra prize declines with a for all values of the number of advantaged
agents but is strictly positive. When the ability levels of the two groups are very different,
however, establishing an optimal extra prize is only profitable when the number of advantaged
agents is low and it might not be profitable at all. Consider a € {0.2,0.4,0.6,0.8,0.9}. Then
the lower a, the higher the maximal value for the optimal extra prize but the lower the minimal

value for m such that the optimal size of the extra prize is zero.

In Example 3 the maximal value for the optimal size 3* of the extra prize is below 12% of
the total budget. Overall, the examples we have calculated seem to indicate that the optimal
size declines with the number of agents. In the next subsection we look at examples with
three agents and heterogeneous ability levels within groups in which the optimal extra prize

is much larger than 12%.
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Figure 3: Total effort in Examples 4 and 5.

3.6 Heterogeneity within groups

We consider now very briefly the case in which agents in a group have different abilities. We
look at the simplest three agent setting in order to make the following two points. Example
4 proves that Condition (14) can be informative in such a setting, while Example 5 shows
that Condition (14) is no longer a necessary condition under this assumption. Example 5
also shows that for small extra prizes only one disadvantaged contestant might be active
and hence Lemma 1 cannot be strengthened. For small extra prizes only one disadvantaged

agent might be active. In both examples we set B = 1.

Example 4. Let M = {1} and D = {2,3}. Consider the following vector of abilities a =
(1,0.105,0.1). Here disadvantaged agents are strong enough and always active. Straightfor-
ward calculation reveals that Condition (14) holds. Indeed the optimal extra prizeis f* = 0.35,
inducing an almost 45% increase of total effort with respect to a standard contest. Once the
extra prize is large enough (3 = 0.948), agent 1 ceases to be active. The upper curve in Figure

3 displays this case.

Example 5. Let M = {1} and D = {2,3}. Consider the same abilities as in Example 4 but set
a3 = 0.06. This weakens agent 3 so that he is not active without an extra prize. Notice that
Condition (14) does not hold. Once the extra prize becomes large enough, however, agent 3
becomes active (3 = 0.0526). This fosters competition and increases total effort. The optimal

extra prize is 3* = 0.38, inducing an almost 45% increase of total effort with respect to a
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standard contest. Once the extra prize is large enough (8 = 0.96) agent 1 ceases to be active.

The lower curve in Figure 3 visualizes this case.

We have seen that the introduction of an extra prize might increase total effort and
participation. The preceding examples, however, have also shown that all combinations of
these consequences are possible: both total effort and participation increase in Example 5;
neither total effort nor participation increase in Example 2 for a = 0.9; total effort decreases
while participation increases in Example 2 for a = 0.2; and lastly, total effort increases while

participation remains unaffected in Example 4.

4 Conclusions

This paper analysed the effects of establishing an extra prize for disadvantaged agents in a
contest model. We have shown that even very small extra prizes are very effective in making
sure that there is minority representation in the competition. Moreover, for intermediate
levels of the disadvantage of the minority, establishing an extra prize increases total equilib-
rium effort compared to a standard contest. Extra prizes might therefore be designed purely
on efficiency grounds, which should facilitate the social acceptance of this affirmative action
policy.

But in the real world affirmative action is not designed purely on efficiency grounds. In
so far our assumption that the designer does not value minority representation at all-which
is captured supposing that he is only interested in total effort—is very conservative and even
unrealistic. In reality, as in the aforementioned examples of California’s Disabled Veteran
Business Enterprise and Small Business Certification Programs or the European Union’s tar-
get shares for female representation on firms’ boards, he will be willing to trade-off some
effort for minority representation and thus might find it desirable to establish an extra prize
even at the cost of some reduction in total effort.

While our model is quite general in many respects, it relies on a specific contest success
function and it is an important question how our results generalize to more general speci-
fications. For instance, raising the individual efforts to the power of some number (larger
than one), makes the contest success function more responsive to effort, until in the extreme
the all-pay auction is reached. We argue now that we expect the basic forces in our model
to be robust, because of a link to the so-called exclusion principle (see Baye et al. 1993).

This principle applies when the contest success function is responsive enough to effort, but
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includes the function introduced by Tullock for exponents larger than two (see Baye et al.
1993; Alcalde and Dahm 2007; and Alcalde and Dahm 2010). The principle says that a
contest designer might sometimes strengthen competition and increase total effort by ex-
cluding the contestant with the highest valuation from participating in the competition. For
the contest success function employed in this paper, however, Fang (2002) has shown that
the exclusion principle does not apply. Our analysis allows a deeper understanding of the
forces underlying the exclusion principle. The reason is that establishing an extra prize re-
duces the main prize and partially excludes the most efficient competitor(s). As Fang (2002)
has shown, complete exclusion is never beneficial. Partial exclusion, however, might foster
competition and increase total effort. In this sense, a partial exclusion principle applies to
Tullock contests and we expect the forces that drive our model to become stronger as the
contest success function becomes more responsive to effort.?’

Our analysis suggests several avenues for future research. A first avenue looks more
systematically at the optimal size of the extra prize. How does the optimal size depend on
the distribution of agents and abilities? A second avenue generalizes the contest structure to
several extra prizes. Think of researchers competing with very similar research proposals for
funding from local governments (the extra prizes) and from the central government (the
main prize). What is the optimal degree of decentralization of research funds? Another
avenue endows the contest designer not only with the opportunity to create an extra prize
but also with the power to choose the contestants that qualify for it. What is the optimal
set of agents competing for the extra prize? These questions are outside the scope of the

present paper and left for future research.

A Appendix

In this Appendix we provide a proof for the results stated in the main text. In addition to

the notation introduced there, we simplify mathematical expressions using

1(|M*|—1 . INT—1 *)2 Ty (D" - 1) B

X = — s
4\ M M N T IMHINA 1-p

2preliminary results in Dahm (2016) indicate that in an all-pay auction in which the exclusion principle

applies, partial exclusion might benefit the contest organizer even more than complete exclusion.

23



and, given a group G € {N, M, D}, it will also prove useful to define a weighted harmonic
mean of abilities as

G -1

In addition, we simplify vectors of individual efforts when we focus on an agent i using the

shorter notation e = (e;,e_;), where e_; = (..., e;_1,€;,1,...).

A.1 Proof of Lemma 1

For B = 0, the statement follows from Stein (2002). By way of contradiction let > 0
and suppose that there is an equilibrium in which e; = 0 for all agents i € D. Suppose
some advantaged agent exerts effort (otherwise a standard argument applies and proves the
lemma). Notice that EU,(e;,e_;) = B,/(n —m). Consider the alternative effort &, = ¢ > 0.
This deviation yields

. €
EU;(é;,e_;) > B, — —,
a:

1

where the inequality comes from the fact that agent i might win the main prize. Since
B, —€/a; is larger than B,/(n —m) for € small enough, an equilibrium cannot have e; = 0
for all agents i € D. Q.E.D.

A.2 Proof of Proposition 1

Consider the first statement. Since |Dy,._4| = 2, we have that FDL*:@ > 0. Thus we have
p<1.

Consider now the second statement. It follows from Stein (2002) that if M* = @ no
agent i € D can profitably deviate from the strategies described in the statement. So let the
agents i € D use these strategies and assume that j € M deviates to e; > 0. Since the payoffs
are concave, JE;(e)/0de;l, —o > 0 must hold. This implies a;B, > Ej,, where D = Dy, or

equivalently | | .
D? —11p:
=0 M*=p

1-8> " .
1Dyl Tiiy

But since a; = a; and f3 € [B,1], we have

|D>‘< *zgl - ]‘ FDX/I*=@ |D* *:le - 1 FD]T/]*=0 > 1 _ /3
IDyecgl  Tip IDyggl Ty ’
a contradiction. Q.E.D.
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A.3 Proof of Proposition 2

Consider the first statement. We have that 8 > 0 if and only if

|D* *:qjl —1
a; > W Dy’
This inequality holds, because
—_ |D* *:g)l —1
a,; = =Dt = FDX/I*:@ > W Dy

30

where Epr, , is the arithmetic mean of abilities of the agents in D;,, ;.

Now consider the second statement and suppose 8 € (0, 8). From Lemma 1 we know
that D* # (). By way of contradiction suppose that M* = (). Then e; = 0, implying that
JE,(e)/de; < 0 must hold. This implies a;B; < Ey. On the other hand, M* = (} implies

that Ey = Ej,, where D = Dy, _,. Therefore the following must hold

< |D* ngl - 1 FDI*W*=@

1-p8< - .
IDycgl Ty
Since, however f < E we obtain
*—0 M*=( < 1 _ ﬂ,
IDygl Ty
a contradiction. Q.E.D.

A.4 Proof of Proposition 3

We prove the statement with the help of two lemmatas.

Lemma 3. For any (a,B), if € (O,B), then
Eye{T—vVT2—& T+ V/T2—0}.

Proof: First notice that the two candidate expressions for E, are well defined, because we

can write
T2_g — (31)2(|M*|—1F _Iv-1 )2
4 M| M NN
BTy Ty
Y (ID*|-1)B, > 0. 16

301t is well known that the the arithmetic mean is not smaller than the harmonic mean and a proof is thus

omitted.
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Summing up (3) over all i € M and rearranging yields

_ (B M|

Ep — (M| =1)Ey. (17)

Summing up (3) over all i € D, inserting (17) and rearranging, yields the following

quadratic equation

(Ziew 2) (Ziear- 2)

B,

—Ey ((Z i)(lM*'—m(Z &)(IN*I—D) (18)

+(IN*| = 1)(IM*| = 1)B, — (ID*| = 1)B,.

0 = (EN)2

From here we obtain
(Ey)* —Ex2YT + @ =0,

implying the statement. Q.E.D.

Lemma 4. For any (a,B), if B € (O,B), then

Proof: Suppose M* # @) and Ey = T — v/ T2—®. Following (16), we can write Ey =
T —vX2+Y, where

Y = Bl(|M*|—1 N1 )

o2\ M M N Y
y = MM (pf|_1)B,.
|M*||N*| 2

Since the function f(x) = 4/x is increasing in its argument and Y > 0, we have Ey <
T — v X2, where

2 (A —Aye) 0if Ay > Ag
VX2 = . (19)

The remainder of the proof distinguishes these two cases and shows that each of them leads

to E, <0, contradicting Lemma 1.
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Suppose A, = Ay, which implies that Ey, < Ay.B;. Using (17) we obtain

E < E (A M7 —1)) <0
p = En| An- =Y,
].—‘M*
where the last inequality comes from the fact that
| M| ;
M*

Suppose A, < Ay., which implies that Ey < A,,.B;. Using (17) we obtain

Ey |M*

E, = Ey (—N M|

where the last inequality comes from the fact that

Ey M|

~(m1-v) <o,

<|M*|—1.
1 iy

Q.E.D.

Proposition 3 follows directly from Lemmatas 3 and 4. Q.E.D.

A.5 The derivatives mentioned in Subsection 3.3

Remember that by Proposition 2, |D*| > 1 holds.
Claim 1. 28/ — 0 if |D*| = 1 and %P > 0if [D*| > 1.

Proof: Let § € (O,E). Suppose |D*| = 1. From (16), we have Ey, =T + v X2, where vX?2 is
defined in (19). This implies that

AyBy if Ay = Ay
Ey = . (20)
AnB; if Ay < Ay
Assume Ey = A,;.B;. Inserting this expression in (17) implies E;, = 0, contradicting Propo-
sition 2. Thus Ey = Ay.B; and d (Ey/B;) /9 = 0.
Suppose |D*| > 1. We have that
B 1(Briap i)

|+ VT,
|Ms| M N¥| N)

with +/X > 0. Taking the derivative we obtain
0 (En/By) _ _ Ty.Ty.(ID*[—1) >0
op 2|M*|IN*|(1—B)2vVE

Q.E.D.
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Claim 2. “ELA0) > ¢,

Proof: Let € (0, B). We have that

o(h)_o(5)1, p 2(3)

aB 9B Q 1—B 9B

B
o(d)1_ 1
B Q (1-p)ra
as 2 € (0,1). Suppose |D*| = 1. From Claim 1, we know that Ey = Ay.B;. This implies that

Q is independent of 3. Therefore %/(SQ)) =0 and %fflm) > 0.

Notice that

>0,

Suppose |D*| > 1 and remember that this implies that /= > 0. Using Claim 1, we obtain

1-B 3 (1—-BPQ 2N* VS

9(By/(B19))
p

p2(s) p Ln(D7|-1)

Hence we have that > 0 if and only if

Ey |M* Iy-(|[D*|—1
B, Ty (1—p) 2IN*vZ

Introducing Ey /B, from Claim 1 and rearranging yields

1/|N*|—-1 M*|—1 D*|—1 Ty« Ty
(Wt W1y, g B IDile L
2V IV I (1=F) 2/5 NI

Multiplying by 24/% and collecting terms we obtain

1(|M*|—1 . INT =1 *)2 B(D*|=1) Ty Ty

2\ M M N (1—=p4) IN*||M~|

M*|—1 N*—1
> (l | r;\;—l | r;)«/i
|M*| IN*|

Squaring and cancelling terms yields finally that %fflm) > 0 if and only if

B(D*—1) Iy. Dy
(1—=p) [N+ M~

b

which is true for § > 0. Q.E.D.
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A.6 Proof of Proposition 4

We prove Proposition 4 in two steps. In Claim 3 we confirm that the candidate strategies
in (8) and (9) are indeed an equilibrium. Second, we prove in Claim 4 uniqueness of the

equilibrium in pure strategies.
Claim 3. The candidate efforts described in Proposition 4 constitute an equilibrium.

Proof: Denote the vector of individual candidate equilibrium efforts by e*. Consider an
agent i and assume that all other agents exert the candidate equilibrium effort e;‘.‘ for any
j # 1. Agent i chooses e; > 0 in order to maximize (1). Since we already know that active
agents do not have an incentive to deviate from the candidate equilibrium effort, consider
inactive agents.

Consider first agent i € {m* +1,...,m}. The first order condition evaluated at e} = 0 is

1 B 1<O
Ey(e*) ! a

which by (10) is negative. Hence e = 0 is indeed a best response.

Consider next agent i € {d* +1,...,n}. The first order condition evaluated at e; = 0 is
! B, + ! B L <0
Ey(e) ' Ep(e) * o~

which using the definition of Q and (11) can be shown to be negative. Thus el?‘ = 0 isindeed

a best response. Q.E.D.
Claim 4. There is no other pure strategy equilibrium.

Proof: Proceeding by contradiction, suppose that for a given f3 there are two different sets
of active contestants H = Né”_j andJ = Né"‘k. Notice that j and k must both be strictly larger
than zero.>! Moreover, Lemma 1 implies that we can focuson 1 <k <mand 1 < j < d.
In each equilibrium we indicate total effort by E;; and E;; and distinguish similarly €, and
Q.

In equilibrium H the following participation conditions must hold

Ey < Ey By

>— q<———
B, B, B;Qy + B,

A

31f both are zero, the sets are the same. By construction of the sets, if j = 0 and k > 0, then, given d*,

m — k is not the largest index, as m > m — k; and similarly for j > 0 and k = 0.
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while in equilibrium J we must have, when k < m,

E, BQ
amS—J, ad>—J—1 J s
and for k = m,
EJ
ag > —.
B,

Notice that the conditions referring to agent m imply that E; > E,;. We establish now
that ; > Q holds.

E E
Q;—Qy = m 1-—2— | -(m-Kk|1-—L—
B1FN;1"_JnM Ber;H‘mM

B, FNglij B, FN;T—kmM

B, FN;’_}.DM B, FN;l"—kmM

= k—

> k—

This last expression is strictly larger than zero if and only if

Blk Z—+ >, —=§—Lk—v i 1oo

i<m a; i<m—k

Since
m

1 1

> Lol

i=m—k+1 @i X

the last expression is implied by the participation condition of agent m in equilibrium H.
Lastly, notice that E; > E;; and Q; > Qp, on one hand, and the participation conditions

of agent d in both equilibria, on the other, imply the following. For k < m,

E; By Ey  BiQy

>0 ST 5
B,BQ,+B, B, B,Qy+B,

and for k =m,
EJ EH BlﬂH

Otd > — > —— 2 ad'
B, B; B,Qy+B,
In both cases we reach the desired contradiction. Q.E.D.
The above two claims complete the proof of Proposition 4. Q.E.D.
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A.7 Proof of Proposition 5

We start proving that Ey is continuous on [0, 1].
Lemma 5. Ey(f3) is continuous on [0, 1].

Proof: The statement follows from four claims.
Claim 5. For 3 =0, (7) reduces to (6).

Proof: Let 3 = 0. As in the proof of Claim 1, from (16), we have Ey = T+ vX2, where VX2
is defined in (19). Again, total effort is given in (20). Assume Ey = A,;.B;. (17) implies
that E, = 0 and thus A,;.B; = Ay.B;. Summarizing, for f = 0 (7) reduces to Ey = Ay.B;,
the desired expression (6). Q.E.D.

Claim 6. For 3 = ﬁ, (7) reduces to (6), which is constant on [ﬁ, 1].

Proof: Let f = f5—e, for € > 0 arbitrarily close to zero. If i € M* then a; = a,. This implies
that I;. = a;. Moreover, when f3 goes to B we have that e; =0foralli € M and [N*| = |D¥|
(and Ty. =T},.). Using these simplifications and the definition of 8 in (16), we have

A\ (1 1 1 a? a
T2—9 = (B D) A2+ =A% — Ay A+ —— — —2 A,
a, TV TR Vet

Ap 1 ((IM*|+1 2
— (B D) _(wal_/\m) )
a, ) 4 | M*|

Since (|[M*| + 1)a,/ |M*| > Ap.,

B BAD*(lM*l—l A +|M*|+1 A )
T2 U T M
B o o

Q.E.D.

Since the exit of the contestant(s) with the highest ability is covered by Claim 6, we
next show continuity of total effort when, given a set of active agents, the most inefficient

advantaged agent with ability different from contestant 1 ceases to be active.

Claim 7. Let m* > 1 and consider Ey(f3) given by (7). When  is such that 1/a,,. = B;/Ey,

Eyn(B) is continuous.
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Proof: From the proof of Lemma 3, we know that (7) is a root of (18). We show that at
the value for 8 in question, (18) is the same as a similar expression defined for the case in
which agent m* has exited. Thus the roots must be the same, too. Using 1/a,,. = B;/Ey in

(18) we obtain

(En)? 1\ B 1)\ B

11, 5B f_ L ST e
([ ) oo .2) o)
+(IN*| = 1)(|M*| — 1)B, — (|D*| — 1)B,,
)z
Bl ie;m* @i ieMz*\:m* @i

1 * 1 *
—Ey ((%5) (IM*|—2) + (Mz\m;) (IN |—z))

+(IN*[=2)(IM*[ = 2)B, — (ID*| = 1)B,

Rearranging yields

that is, (18) for m* — 1 active agents. Q.E.D.
We turn now to show continuity of total effort when, given a set of active agents, a

disadvantaged agent becomes active or ceases to be active.

Claim 8. Let j € D and consider Ey(f3) given by (7). When J3 is such that 1/a; = B;/Ey +

B,/Ep, Ey(B) is continuous.

Proof: We proceed as in the proof of Claim 7. Notice that when 1/a; = B, /Ey+B,/E},, agent

i’s optimal effort choice is zero. Using the equilibrium values for E;, and Q this condition

can be written as

2 . *l | —
- P ) g (9 1) OO0 o,
1 _

J J

jenr &i

Suppose agent j € D becomes active. From (18) we obtain

(EN)2 1 1 1
By (IEZIV[*Z)((IENZU]EI)_EJ)

1 o 1) IM*|—1 1
w(( 22 Jor-o(Za)w)on (M7 (22)

+IN*|(IM*|=1)B, — (IM*|—1)B, — [D*|B; + B,.
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Rearranging and using the above expression for B, yields

2(52)(2 )+((2 2o (52))
B (i;ai iGNZ*Ujai . inLJjai (M —1) + ;M*ai| |

+IN*|(IM*|—1)B, — |D|B,,

that is, we obtain (18) for the set of contestants N*U j. The proof of the case in which agent

i € D ceases to be active proceeds along the same lines. Q.E.D.

We are now in a position to apply Weierstrass’ extreme value theorem, which guarantees
that for any (a, B), there is f* € [0, 1] such that Ey(3) attains a maximum at 3*. Moreover,
given that E, () is constant on [ 8, 1] and Proposition 1 in Fang (2002), which says that with
the contest success function assumed the exclusion principle does not apply, we conclude
that 8* € [0, B). Q.E.D.

A.8 Proof of Proposition 6

In order to simplify notation, in this proof we drop the subindex e. Consider 8 € (0,]
for which total effort is given by (7). In order to compute the derivative with respect to f3
rewrite (7) as follows

Ey =B, E (A +Ay) + «/E]

The derivative of total effort with respect to 8 can then be expressed as

9Ey _
o 3P

Using the expression derived in the proof of Claim 1, we obtain

98, E(AM* + Ay:) + «/E] +Bla HO ;;;N*) " E].

2B 2(1—B)IN*||M*|VE g (o + )

This expression is well defined, because |D*| > 1 implies that ¥/~ > 0. On the other hand
when f goes to zero, +/% goes to

(0 if Ayo= Ay & B =y5¢
A *_A * . r *

DB f Ay < Ay & 25> y6L

Ty
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Hence in the first case A,;. = Ay., when 3 goes to zero, JE,/df3 > 0.

Assume the second case Ay > Ay.. We have that dEy/d |-, > 0 if and only if

T (D= 1) > Ay (e — Ay

Because of Proposition 2 and |D*| > 1, [N*| = |[M*| + |D*| > 2,
(D=1 + (IM*| = 1)(N*| = 1) = [M*|(IN*]—=2) > 0,

the previous expression can be rewritten as,

I

2 N*
< —.

r ¢ T

Assume the third case Ay < Ay.. We have that dEy /0 8]5-, > 0 if and only if

NM (D — 1) > Ay (Age — Agpe),
AT (P71 1> Ay Ay = Ay

yielding through a similar transformation

[y
X < 5%¢.
M*

Summarizing, we have that * > 0 if one of the following holds:

Iy« L+ [y«
PO <yss SU=yas s <t <8

M* FM* M*

(21

(22)

(23)

The fact that y*¢ < y6¢ < 6% with the first inequality being strict whenever |[M*| > 1

implies the statement.

A.9 Proof of Proposition 7

Q.E.D.

The fact that condition (15) implies that f* > 0 follows from straightforward algebraic

simplification of condition (14).

Suppose * > 0. By Fang’s well known result that it is never optimal to exclude all

advantaged agents (Fang, 2002), we have that Ey( = 0) > Ey(B = f8). Note also that in

between these values for 8 the function Ey(f3) is twice differentiable. The fact that when £

goes to zero, dEy /8 > 0 follows then from noticing that in between these values for 8 the
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function Ey(f3) is strictly concave and that the condition on the derivative implies condition
(15).*2
The last statement follows from observing that the upper bound of condition (15) is

strictly larger than the lower bound. Q.E.D.

32The second derivative of total effort is negative,

9%E), B ( ary(|Ip*|—1) )2

262 (1-p)vV= \2(1- BIM-IN* VT

35



References

Alcalde J. and Dahm M. 2007. Tullock and Hirshleifer: a Meeting of the Minds. Review of
Economic Design, 11(2):193-208.

Alcalde J. and Dahm M. 2010. Rent Seeking and Rent Dissipation: A Neutrality Result.
Journal of Public Economics, 94(1-2):1-7.

Alcalde J. and Dahm M. 2013. Competition for Procurement Shares. Games and Economic
Behavior, 80:193-208.

Ayres 1. and Cramton P 1996. Deficit Reduction through Diversity: How Affirmative Action
at the FCC Increased Auction Competition. Stanford Law Review, 48:761-815.

Azmat G. and Moller M. 2009. Competition among Contests. RAND Journal of Economics,
40(4):743-768.

Baik KH. 1994. Effort Levels in Contests with Two Asymmetric Players. Southern Economic
Journal, 61(2):367-378.

Balafoutas L. and Sutter M. 2012. Affirmative Action Policies Promote Women and do not

Harm Efficiency in the Laboratory. Science, 335:579-582.

Baye MR., Kovenock D., and de Vries CG. 1993. Rigging the Lobbying Process: An Applica-
tion of the All-Pay Auction. American Economic Review, 83(1):289-294.

Brown J. 2011. Quitters Never Win: the (Adverse) Incentive Effects of Competing with
Superstars. Journal of Political Economy, 119(5):982-1013.

Brown A. and Chowdhury SM. 2012. Sabotage in Handicap Contests. Unpublished Working
Paper.

Calsamiglia C., Franke J., and Rey-Biel P 2013. The Incentive Effects of Affirmative Action

in a Real-effort Tournament. Journal of Public Economics, 98: 15 — 31.

Che YK. and Gale I. 2003. Optimal Design of Research Contests. American Economic Review,
93(3): 646 - 671.

Clark D. and Riis C. 2000. Allocation Efficiency in a Competitive Bribery Game. Journal of
Economic Behavior & Organization, 42: 109-124.

36



Clark D. and Riis C. 1998a. Contest Success Functions: an Extension. Economic Theory, 11:
201-204.

Clark D. and Riis C. 1998b. Competition over More than One Prize. American Economic
Review, 88:276-289.

Corchdn L. 2007. The Theory of Contests: A Survey. Review of Economic Design, 11(2): 69—
100.

Corchoén L. and Dahm M. 2010. Foundations for Contest Success Functions. Economic Theory,
43(1): 81-98.

Cornes R. and Hartley R. 2005. Asymmetric Contests with General Technologies. Economic
Theory, 26: 923-946.

Corns A. and Schotter A. 1999. Can Affirmative Action Be Cost Effective? An Experimental

Examination of Price-Preference Auctions. American Economic Review, 89(1): 291 — 305.

Dahm M. 2016. The All-Pay Auction with Extra Prize: A Partial Exclusion Principle. unpub-

lished manuscript.

Dahm M. and Esteve-Gonzdlez P 2013. Affirmative Action through Extra Prizes. Universitat
Rovira i Virgili CREIP working paper n. 34-2013.

Dahm M. and Porteiro N. 2008. Biased Contests. Public Choice, 136: 55-67.

De Fraja G. 2005. Reverse Discrimination and Efficiency in Education. International Eco-
nomic. Review, 46:1009-1031.

Esteve-Gonzalez P 2014. Moral hazard in repeated procurement of services. Universitat

Rovira i Virgili CREIP working paper n. 11-2014.

European Commission 2014. HR Report 2014: Human Resources and Security. Luxembourg:

Publications Office of the European Union.

Ewerhart C. and Fieseler K. 2003. Procurement Auctions and Unit-Price Contracts. The RAND
Journal of Economics, 34(3):569-581.

Fain JR. 2009. Affirmative Action Can Increase Effort. Journal of Labor Research, 30(2):168-
175.

37



Fang H. 2002. Lottery Versus All-Pay Auction Models of Lobbying. Public Choice, 112(3-
4):351-371.

Fang H. and Moro A. 2010. Theories of Statistical Discrimination and Affirmative Action:
a Survey. Chapter 5 in Handbook of Social Economics, Vol. IA, edited by Jess Benhabib,
Alberto Bisin, and Matthew Jackson, North-Holland, 2010, pp. 133-200.

Fang H. and Norman P 2006. Government-mandated Discriminatory Policies: Theory and

Evidence. International Economic Review, 47(2):361-389.

Farmer A. and Pecorino P 1999. Legal Expenditure as a Rent-seeking Game. Public Choice,
100: 271-288.

Franke J. 2012a. Affirmative Action in Contest Games. European Journal of Political Economy,
28:105-118.

Franke J. 2012b. The Incentive Effects of Levelling the Playing Field - an Empirical Analysis
of Amateur Golf Tournaments. Applied Economics, 44:1193-1200.

Franke J., Kanzow C., Leininger W., and Schwartz A. 2013. Effort Maximization in Asymmet-
ric Contest Games with Heterogeneous Contestants. Economic Theory, 52(2):589-630.

Fryer RG. and Loury GC. 2005. Affirmative action in winner-take-all markets. Journal of
Economic Inequality 3:263-280.

Fu Q. 2006. A Theory of Affirmative Action in College Admissions. Economic Inquiry,
44(3):420-428.

Fu Q. and Lu J. 2009. The Beauty of ‘Bigness’: On Optimal Design of Multi-winner Contests.
Games and Economic Behavior, 66(1):146-161.

Glazer A. and Hassin R. 1988. Optimal Contests. Economic Inquiry, 26(1):133-143.

Gradstein M. and Nitzan S. 1989. Advantageous Multiple Rent Seeking. Mathematical and
Computer Modelling, 12(4-5):511-518.

Groseklose T. 2014. Cheating: An Insider’s Report on the Use of Race in Admissions at UCLA.
Dog Ear Publishing.

38



Hillman AL. and Riley JC. 1989. Politically contestable rents and transfers. Economic and
Politics, 1:17-39.

Holzer H. and Neumark D. 2000. Assessing Affirmative Action. Journal of Economic Litera-
ture, 38(3):483-568.

Kiewiet DR. 2015. Tim Groseclose, Cheating: an insider’s report on the use of race in ad-
missions at UCLA. Public Choice, 162:205-209.

Kirkegaard R. 2012. Favoritism in Asymmetric Contests: Head Starts and Handicaps. Games
and Economic Behavior, 76(1):226-248.

Konrad K. 2009. Strategy and Dynamics in Contests. Oxford University Press Inc. (New York).

Lazear EP and Rosen S. 1981. Rank-Order Tournaments as Optimal Labor Contracts. Journal
of Political Economy, 89:841-864.

Lee SH. 2013. The Incentive Effect of a Handicap. Economics Letters, 118:42—45.
Liptak A. 2014. Court Backs Michigan on Affirmative Action. The New York Times, April 22.

Matros A. 2006. Rent-Seeking with Asymmetric Valuations: Addition or Deletion of a Player.
Public Choice, 129:369-380.

Moldovanu B. and Sela A. 2001. The Optimal Allocation of Prizes in Contests. The American
Economic Review, 91(3):542-558.

Moldovanu B. and Sela A. 2006. Contest Architecture. Journal of Economic Theory,
126(1):70-96.

Moller M. 2012. Incentives versus Competitive Balance. Economics Letters, 117(2):505-508.
Myerson RB. 1981. Optimal Auction Design. Mathematics of Operations Research, 6:58-73.

Niederle M. and Vesterlund L. 2011. Gender and Competition. Annual Review of Economics,
3:601-630.

Nti K. 1999. Rent-Seeking with Asymmetric Valuations. Public Choice, 98:415-430.

Pastine I. and Pastine T. 2012. Student Incentives and Preferential Treatment in College

Admisssions. Economics of Education Review, 31:123-130.

39



Pérez-Castrillo D., and Wettstein D. 2016. Discrimination in a Model of Contests with In-

complete Information about Ability. International Economic Review, forthcoming.

Ridlon R. and Shin J. 2013. Favoring the Winner or Looser in Repeated Contests. Marketing
Science, 32:768-785.

Rothkopf MH., Harstad RM., and Fu Y. 2003. Is Subsidizing Inefficient Bidders Actually
Costly? Management Science, 49(1):71-84.

Ryvkin D. 2013. Heterogeneity of Players and Aggregate Effort in Contests. Journal of Eco-
nomics and Management Strategy, 22(4):728-743.

Schotter A. and Weigelt K. 1992. Asymmetric Tournaments, Equal Opportunity Laws, and
Affirmative Action: some Experimental Results. The Quarterly Journal of Economics,
107(2):511-539.

Sela A. 2012. Sequential Two-prize Contests. Economic Theory, 51(2):383-395.

Siegel R. 1996. Asymmetric Contests with Head Starts and Nonmonotonic Costs. American

Economic Journal: Microeconomics, 6(3): 59-105.
Skaperdas S. 1996. Contest Success Functions. Economic Theory, 7: 283-290.

Stein WE. 2002. Asymmetric Rent-Seeking with More Than Two Contestants. Public Choice,
113(3-4):325-336.

Szymanski S. and Valletti TM. 2005. Incentive Effects of Second Prizes. European Journal of
Political Economy, 21:467-481.

Tullock G. 1980. ‘Efficient Rent Seeking’, in Buchanan J., Tollison R., and Tullock G. (editors)
1980. Toward a Theory of the Rent-seeking Society. College Station: Texas A & M University

Press.

40



